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In this short note we discuss the possibility of producing a slow rolling inflationary background
by considering a massive scalar field whose kinetic term is non-minimally coupled to gravity.
PACS numbers:
1. INTRODUCTION
The latest cosmological data [1] agree impressively with the assumption that our Universe is, at large scales,
homogeneous, isotropic and spatially flat, i.e., that it is well described by a Friedmann-Robertson-Walker (FRW)
spatially flat geometry. This observation is however a theoretical puzzle. A flat FRW Universe is in fact an extremely
fine tuned solution of Einstein equations with normal matter [2]. In the last twenty years or so many attempts have
been put forward to solve this puzzle (see for example [3]-[8]). The most developed and yet simple idea still remain
inflation. Inflation solves the homogeneity, isotropy and flatness problems in one go just by postulating a rapid
expansion of the early time Universe post Big Bang. However, a fundamental realization of this idea is still eluding
us. Originally, the effective theory of inflation has been realized by sourcing General Relativity (GR) with a slow
“rolling” massive scalar field [9] with canonical or even non-canonical kinetic term [10], whereas, the non-minimal
coupling to gravity of a scalar field kinetic term was explored in [11] (see also [12] for a slightly different realization of
the same idea). There, it was showed that a non minimally coupled three-form to gravity, able to reproduce a cosmic
inflationary background, is dual to an inflating 0-form (scalar field) whose kinetic term is, indeed, non minimally
coupled to gravity.
In this note, inspired by the three-form case of [11], we will discuss about the possibility of obtaining a slow rolling
inflationary background with a scalar field whose kinetic term is non-minimally coupled to gravity (for special cases
see [13]).
Previous attempts to reproduce a (fast rolling) quasi-DeSitter background with a massless scalar fields whose kinetic
terms are non-minimally coupled to gravity can be found in [14].
2. INFLATION
Standard chaotic inflation is obtained by using the following scalar field action minimally couple to gravity[18]
S =
∫
d4x
√−g
[
R− 1
2
gαβ∂αΦ∂βΦ− 1
2
m2Φ2
]
, (2.1)
where m is the scalar field mass.
On a FRW background
ds2 = −dt2 + a2dx · dx , (2.2)
the scalar field equation, i.e. variation of (2.1) with respect to Φ, turns out to be
Φ¨ + 3HΦ˙ +m2Φ = 0 , (2.3)
where the notation f˙ = df/dt and H = a˙/a has been used.
The only independent Einstein equation obtained from the variation of (2.1) with respect to gαβ is
H2 =
1
12
Φ˙2 +
1
12
m2Φ2 . (2.4)
An inflationary background is an almost DeSitter expansion (H ≃ const.) of the Universe. This is easily obtained
whenever the slow roll conditions
Φ˙2 ≪ m2Φ2 , Φ¨≪ 3HΦ˙ , (2.5)
2are satisfied. In this case, and during slow roll, the scalar field evolves as
Φ˙ ≃ −m
2Φ
3H
, (2.6)
whereas the time variation of the spacetime curvature remains almost constant with respect to the Hubble expansion,
i.e.
∣∣∣ R˙
(6H)3
∣∣∣ ≃ m2
9H2
≪ 1 . (2.7)
The last condition is a consistency condition obtained by taking the time variation of (2.6) and comparing it with the
slow roll conditions (2.5). By the symmetries of the background geometry, the condition (2.7) approximately defines
a DeSitter cosmology.
3. A NEW SCALAR FIELD ACTION
Let us now turn our attention into possible modifications of (2.1). The most general non-minimally coupled scalar
field action to gravity can be recast into the following form
S =
∫
d4x
√−g
[
(1 + αU(Φ))R− 1
2
Λαβ∂αΦ∂βΦ− V (Φ)
]
, (3.1)
where U(Φ) is a non-minimally coupled potential with coupling constant α and Λαβ is a tensor obtained from
curvatures contractions. We will restrict our analysis by setting α = 0 and V (Φ) = 1/2m2Φ2, although it can been
easily generalized. In this case, the action (3.1) reduces to
S =
∫
d4x
√−g
[
R− 1
2
Λαβ∂αΦ∂βΦ− 1
2
m2Φ2
]
. (3.2)
If Λαβ is not trivial (i.e. it is not only proportional to the metric) then this action generically contains higher
derivatives (in the gravity equations) arising from the variation with respect to gαβ. Although this seems to directly
bring ghost instabilities, in some cases this does not happen [16]. We will however avoid to discuss further this issue
here and postpone it for a future work.
An approximate DeSitter solution of the theory (3.2) during slow roll, might be obtained by an appropriate restric-
tion of the tensor Λαβ which we shall discuss in the following. The key point to achieve this goal is to keep the slow
rolling properties of the field Φ.
Let us then start by analyzing the scalar field equations.
Suppose an almost DeSitter solution, i.e. Rαβ ≃ const. × gαβ, during a slow rolling phase of the field Φ, exists.
Thus, the combination Lαβ ≡ Rαβ − 14gαβR ≃ 0. Very schematically, one then might consider a form for Λαβ to
be the inverse of an analytic tensorial function ∆αβ = ∆αβ(gαβ , Lαβ). The tensor ∆αβ can therefore be expanded,
during slow roll, as follows
∆αβ = gαβ + a1Lαβ + a2LµβL
µ
α + . . . , (3.3)
where ai are dimensionfull coefficients such that, schematically, ai(Lαβ)
i ≪ gαβ during slow roll. In this case then, if
the modified Einstein equations coming from (3.2) admit an approximate DeSitter background, the scalar equations
(2.6), together with the slow roll conditions (2.5), are approximately reproduced.
We now discuss the gravity equations by assuming again that an almost DeSitter solution exist during slow roll.
The consistency of this assumption restricts the form of Λαβ , as we shall show in the following.
To obtain the Einstein equations one can use the property
Λµα∆µβ = δ
α
β . (3.4)
The first order variation of (3.4) is then
δΛαβ = −ΛµαΛνβδ∆µν . (3.5)
At lowest order in slow roll one therefore has
δΛαβ ≃ −δ∆µνgµαgνβ , (3.6)
3or, explicitly,
δΛαβ ≃ −(δgµν + a1δLµν)gµαgνβ , (3.7)
as all the higher orders Li are zero at the lowest slow roll order.
The consistency conditions for the existence of an almost DeSitter background can now be checked.
As it was said before, a sufficient conditions for which the background spacetime can be considered an almost
DeSitter manifold is that the time derivative of the Ricci curvature is small compared to the Hubble expansion, i.e.
∣∣∣ R˙
(6H)3
∣∣∣ =
∣∣∣ T˙
(6H)3
∣∣∣≪ O(1) . (3.8)
In (3.8) T is the trace of the energy momentum tensor related to Φ and the first equality comes from the Einstein
equations obtained by varying (3.2) with respect to gµν .
After a long but straightforward calculation, at lowest order in slow roll, one finds that the trace of the energy
momentum tensor related to the scalar field Φ is[19]
T ≃ 9H2a1Φ˙2 −m2Φ2 . (3.9)
By using (2.6), one then finds
∣∣∣ T˙
(6H)3
∣∣∣ ≃ (a1m2 + 1) m2
9H2
≪ O(1) . (3.10)
Finally, by using the consistency condition m2 ≪ 9H2 coming from a the time derivative of (2.6), one finds that a
sufficient condition to have a DeSitter background out of the scalar field action (3.2) is
−O(1) 1
m2
≤ a1 ≤ O(1) 1
m2
. (3.11)
On a FRW background, one might also consider the field redefinition Φ = 1
ma3
∂t(a
3φ). With this, it turn out that
the choices a1 = −2/m2 and ∆αβ = gαβ + a1Lαβ , exactly (at all order in slow roll), reproduce the field equations
(2.3,2.4) for the field φ [11]. In fact, by using these choices, one reproduces the dual scalar field theory of the 3-form
inflation of [11]. In this case however, only small field models (for example V (Φ) = V0 +
1
2
m2Φ2, where V0 is a
constant [20]) are gravitationally stable [15]. Moreover, as scalar perturbations in this particular model quickly decay
at super-horizon scales [16], they are not able to re-produce the observed temperature fluctuations of the Cosmic
Microwave Background (CMB) [1].
4. DUAL THREE-FORM ACTION
Here we prove that the general theory described above is dual to a three-form theory. To show that, one notes that
the action (3.2) can be derived by integrating out the auxiliary field Bα in the following theory
S =
∫
d4x
√−g
(
R− 1
2
m2Φ2 − µBα∂αΦ + µ
2
2
∆αβBαBβ
)
. (4.1)
Viceversa, one may integrate out Φ to obtain an equation for the auxiliary field Bα. After such an integration we get
Φ =
µ
m2
∂αB
α . (4.2)
Thus, assuming that Φ is the dual scalar of the four-form
Fµνρσ = mǫµνρσΦ , (4.3)
where ǫµνρσ is the volume element and
Fµνρσ = ∇µAνρσ −∇σAµνρ +∇ρAσµν −∇νAρσµ , (4.4)
we find that
Aµνρ =
µ
m
ǫµνραB
α . (4.5)
4The dual action obtained after integrating out Φ in (4.1) may be therefore written as the following three-form theory
S3 =
∫
d4x
√−g
(
R− 1
48
FµνρσF
µνρσ − 1
2
AµνκM
κλAλ
µν
)
, (4.6)
where
Mµν =
m2
6
(∆ gµν − 3∆µν) , (4.7)
and ∆ = gµν∆µν .
With ∆µν given by (3.3), the action (4.6) may be explicitly written, during slow roll, as
S3 =
∫
d4x
√−g
(
R − 1
48
FµνρσF
µνρσ − 1
12
m2AµνκA
µνκ +
3
12
a1m
2
[
Rκλ − 1
4
Rgκλ
]
AµνκAλ
µν + . . .
)
, (4.8)
where the dots stands for higher curvature terms.
The value a1 = −2/m2 and ai = 0 with i > 2, corresponds to the 3-form inflation discussed in [11]. We see that
in this case the three-form action does not contain higher derivatives. This automatically guarantees that no ghost
instabilities related to higher time derivatives in the Einstein equations of the dual scalar theory (3.2) arise.
5. CONCLUSIONS
In this note it was discussed about the possibility of introducing non-minimal interactions of a scalar field kinetic
term to gravity. By restricting the non-minimal couplings to be of the form of tensors constructed from combination
of curvatures such that they would vanish in a DeSitter background, we found the conditions for which the slow rolling
properties of a scalar field Φ, driven by a flat enough potential V , are not spoiled. In this case, an almost DeSitter
(inflating) cosmology is re-produced during the slow rolling phase of Φ.
Although these new type of scalar field theories can generate an inflationary background, they however deeply
differ form the chaotic inflationary case (i.e. minimally coupled scalar field) of [9] at the perturbative level. For
example, for a specific choice of parameters such that the scalar field action is dual to the three form inflation of
[11], the scalar perturbations produced during slow roll decay at super-horizon scales [16]. This is in contrast to the
chaotic inflationary case where the (super-horizon) perturbations remain frozen producing the observed spectrum of
scalar perturbations in the CMB [1]. A three-form inflation must then be assisted (for example by a curvaton [17])
to re-produce the observed scalar perturbations of the CMB.
To conclude, we would like to stress that the new inflationary models introduced in this note might produce new,
observationally testable, signatures in the CMB such as new forms of scalar and tensorial linear perturbations and/or
non-gaussianities related to the tensorial structure of the new non-minimal couplings. This important analysis is
however out of the scope of this paper and left for future work.
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